INTRODUCTION
As of fall 2001, the massively multiplayer (MMP) 3D game "Everquest" claimed over 400,000 members, according to a press release by its parent company [21] .
Everquest members play an average of 22.4 hours per week [23] . Everquest is only Design of a 3D interactive math learning environment DIS2002 | 65 However, this would not be appropriate. A better system design would make fundamental use of the third dimension and the power of graphics in order to make ideas visual and to further learning objectives.
With this in mind, we chose to explore applications for high-school math. Could we combine the power of 3D graphics to show the behavior of functions in three dimensions with the holding power of 3D worlds to create a compelling mathlearning environment?
Our design process began with a technology-3D graphical avatar worlds. We next began to explore the basic affordances of that technology and to look for ways in which it might support learning. It's worth noting that we did not begin by doing field work with math teachers and math students. These figured later in the design process. This decision has significant implications for the way the project evolved, and in this paper we will explore some of the consequences.
Our approach to the design of educational software is based on a specific educational theory: constructionism. The term "constructionism" was coined by Seymour Papert as an extension of Jean Piaget's constructivism. Papert writes that learning, "happens especially felicitously when the learner is engaged in the construction of something external or at least shareable... a sand castle, a machine, a computer program, a book" [14] . Two general design principles for construction kits and activities guide our iterative design process.
Resnick et al summarize these guidelines: "• Personal connections. Construction kits and activities should connect to users' interests, passions, and experiences. The point is not simply to make the activities more "motivating" (though that, of course, is important).
When activities involve objects and actions that are familiar, users can leverage their previous knowledge, connecting new ideas to their preexisting intuitions.
• Epistemological connections.
Construction kits and activities should
connect to important domains of knowledge-and, more significantly, encourage new ways of thinking (and even new ways of thinking about thinking). A well-designed construction kit makes certain ideas and ways of thinking particularly salient, so that users are likely to connect with those ideas in a very natural way, in the process of designing and creating." [18] In AquaMOOSE, students make personal These ideas are quite abstract and inaccessible. In the graphical 3D world, they are intuitive.
In this paper, we will first present the AquaMOOSE iterative design process and then results from a six-week study that was conducted with 105 high school students at the Georgia Governor's Honors Program during the summer of 2001. A case study of one student's experiences is presented.
RELATED WORK

Dede and colleagues at George Mason
University and Harvard University have designed Science Space, an immersive virtual reality (VR) environment for teaching physics concepts. They found that "threedimensional representations seem to aid learners in understanding phenomena that pervade physical space. Being immersed in a 3D environment is also motivating for learners. Learner motivation is high in VR environments, even when novelty effects wear off." However, they note that making environments of this complexity usable is a challenge [6] .
While much attention has been paid to immersive virtual reality environments, less work has been presented about desktop 3D environments. In 1988, Brooks presented some techniques that help alleviate the inherent difficulties of understanding a 3D environment. Brooks also called for more research on interfaces and usability guidelines for 3D environments [1] .
Since then, more attention has been given to 3D in general, but there are still many unexplored questions related to desktop 3D applications. One of the areas that has received some attention is navigation of a 3D environment. For example, Vinson [22] discusses the benefit of landmarks to 3D navigation. Tan [19] presents various findings about navigation input schemes for 3D applications.
One of the fundamental goals of our research is to attempt to synergistically combine mathematics and art. The mutually reinforcing potential of math and art has been demonstrated in the past by work on the Logo programming language [13] and the Hypergami project. Hypergami is a CAD system for origami developed by Mike Eisenberg and Ann Nishioka. In Hypergami, students create polyhedral structures that can be printed out and folded on paper to create 3D objects [8] .
ITERATIVE DESIGN
One goal of many educational software projects is to improve students' performance on current curriculum materials and standardized test areas. In the US, teachers and students use that kind of software in preparation for tests such as the SAT and AP exams. Had we begun our work doing interviews with teachers and students, we The range of easily produced mathematical constructs will be vastly expanded." [13] In the AquaMOOSE project, we chose this second approach. Technology and pedagogy led us to believe there was tremendous potential to facilitate new kinds of math learning. This was our starting point.
Feedback from students and teachers was regularly incorporated throughout our iterative design process; however, we began with broader-reaching goals than meeting their immediate practical needs. As we will see, this has both strengths (the possibility to create something radically new, thinking outside the box) and weaknesses (the possibility to create something whose benefits are not immediately clear or easily appropriable).
Work on the AquaMOOSE project began in 1997. During the last four years, we have completed three prototypes of our software and conducted several informal and formal user studies. Our first prototype, NetFlyer, was built using the OpenGL language. The second prototype was built with Randy Pausch's Alice software. Our current implementation is an MFC application programmed in Visual C++ using a freeware rendering package called Genesis 3D.
NETFLYER
Our first prototype, called "Net Flyer," was a simple two-person game similar to the American basketball game "HORSE" (see 
ALICE PROTOTYPE
The original NetFlyer prototype had a very primitive interface. Since the goals of the project include leveraging the aesthetic appeal of 3D graphics, we knew we needed to improve the look of the software. To move toward that goal, our next prototype was developed using Randy Pausch's "Alice" software [4] . In that version, we created a 3D avatar world with the same flying disk game theme from NetFlyer (see However, it was also much harder to understand the mathematics of motion in 3D. In our first OpenGL prototype, the user's perspective was fixed, making the orientation of the coordinate system consistent and clear. With the moving point of view of a first person system, all the math became harder to understand visually. This observation informed our addition of visualization supports like overlaid axes, grid tools, and multiple viewpoints in our next prototype.
The Alice software proved to be an excellent prototyping tool. However, during our exploration of the Alice prototype, we noted a limitation to our theme: the disk moves in three dimensions, but the user's avatar is stuck in a plane. We also recognized that in order to keep the game-like feel of a 3D world but make mathematical understanding easier again, we needed finer control of the user interface.
AQUAMOOSE 3D
To better make use of free movement in all three dimensions, we switched to an underwater theme-fish swim freely in three dimensions. Since this work is partly inspired by our prior research on end-user programmable textual worlds in the MOOSE Crossing project [2, 3] , the new project was jokingly dubbed "AquaMOOSE 3D". While the name was proposed as a joke, it stuck. At this stage, we next moved to a development platform that gives us more control over the user interface:
Microsoft Visual C++ and the freeware Genesis 3D rendering engine [9] .
Long term, we hope to create a fully programmable, multi-user world. Our goal is for students to be able to create their own video games and share them with others, similar to work with students programming 2D standalone games in Microworlds Logo [11] , AgentSheets [17] , Stagecast [5, 15] , and Squeak [10] . On our way to this long-term goal, however, we found more than enough richness and complexity to explore in simply making a single-player 3D math-learning environment. In our current design, we attempt to create a community of learners by allowing students to create mathematical challenges for one another and share them in a built-in BBS-like interface.
We completed several rounds of formative evaluation prior to and after the study As part of our future work, we will conduct two class comparison studies at both Brooks High School and Atwood Private School. In both schools, one teacher has two equivalent pre-calculus classes that we can use for our study. The experimental classes will be using lesson plans created specifically for the AquaMOOSE software, while the comparison classes will be using the standard curriculum and materials.
These studies will begin in February 2002.
System design: swimming parametrically
Motion in AquaMOOSE can be specified mathematically, using parametric equations. For example, swimming in a sine wave in x and a cosine in y creates a spiral (see Figure 3 ). Both Cartesian and polar coordinate systems are supported.
A simple template scaffolds the process of entering in mathematical moves (see Figure   4 ). Each time a mathematical movement is executed, the avatar moves along the programmed function, leaving a trail behind. The trail is an important artifact; it provides the users with a visualization tool for instant feedback, as well as a starting point for conversation.
In many ways, this resembles the Logo programming language [13] in three dimensions. However, there are some important differences. While the math in Logo is done from a first-person perspective to facilitate body-syntonic understanding of math [13] , the math in AquaMOOSE is designed to look more like the math students see in school in order to facilitate transfer.
As many HCI researchers have noted, using a 2D input device (the mouse) to control movement in a 3D space presents usability challenges [12] . In addition to allowing angles to allow the students to see both their avatar and the world from multiple perspectives at the same time.
The ring game
We have provided one prototype game for students to play: a ring game. Students are presented with a set of rings in the water, and are challenged to try to swim through as many as possible with one mathematical function (see Figure 6 ). This simple game resembles a 3D version of the successful Green Globs software [7] . We hope to make the environment more fully programmable, so that students can create their own games and learn through the process of game design and construction [11] .
School use
One of the main concerns about using at GHP is mathematics. There were 105 students majoring in math at GHP that summer. Those students were the subjects for our study. We installed the AquaMOOSE software on 31 computers in the GHP labs that the students used for classes. The students also had access to these labs when classes were not being taught. One of the mandates for the GHP is to enrich students' learning experience beyond what they encounter in the standard curriculum.
That aligns very well with our fundamental research goals, making the GHP an ideal setting for this trial.
The study began with a 45-minute demonstration of AquaMOOSE 3D. After that, the students were allowed to log into AquaMOOSE freely. After the introduction, they were not required to use AquaMOOSE at any time. We were more interested in collecting data about how the students used AquaMOOSE during their free time than during required time. There were many other projects and activities at GHP that the students could participate in during their free time. Playing with AquaMOOSE was only one option for the students. All of the data presented in this paper was collected from students who voluntarily used AquaMOOSE throughout the summer.
Students had access to the software in a computer lab setting. Students were able to talk to one another and discuss their progress while using the computers, but generally used the software individually. We wanted the fish to be able to jump out of the water or be able to eat other fish. After the study, we did a more in-depth interview with one outstanding student.
RESULTS AND DISCUSSION
There were 105 math majors at GHP who completed parental consent forms for our study. We asked the students to provide their real name and a pseudonym to be used in the software. Many of the students, however, did not provide their real name. In addition to the 105 math majors at GHP, students from other programs had access to the computer labs and our software.
Since some of the math majors did not provide their correct real name when registering for an online account, they were indistinguishable from the students who had not signed consent forms. Due to that problem, we are only able to report on the data from those accounts that are verifiable as having provided parental consent for our study. Of the 105 math students, 63 created verifiable accounts. Of those 63, 37 students (59%) performed at least one mathematical movement. The total number of mathematical movements performed by all 63 students was 962. One student, Mark, was responsible for 340 of those moves. We discuss Mark's experience in greater detail later in this paper.
At the end of the six-week study, we distributed anonymous surveys to the students. The majority of the questions on
the survey were open-ended discussion questions. See Table 2 for some examples of the questions we asked in the survey. Table 3 . Our average inter-rater reliability was 84%.
Out of the 103 students, the number who mentioned aesthetics in a negative manner (56) was almost identical to the number who mentioned positive aspects of the environment (55). Many students requested more structured goals in the environment (18), more violence (14) , or more community involvement (12) . A few of the students specifically requested that competition be a more integral part of the software (5). These results are shown in Table 4 .
USABILITY OF 3D
As we expected, the majority of the students mentioned that the 3D graphics in AquaMOOSE were appealing. They Another important aspect that we have learned from this study is that visualization of math trails is interesting to the students.
The students had not been exposed to this type of mathematical visualization before, and described wanting more tools to help understand the graphical representations.
Many students wanted more cameras to move around in the environment. They also wanted more control over what was shown in the cameras that we provided. We are working to implement zooming and panning functions on all cameras in AquaMOOSE 3D.
Were there things that you wanted to do in the environment that you couldn't do?
What could we do to improve AquaMOOSE 3D?
Would you be likely to play with AquaMOOSE 3D if it weren't for a school assignment?
What were your favorite and least favorite aspects of AquaMOOSE 3D? 
MARK'S EXPERIENCE
Of the students at GHP, the most enthusi- Mark is 17 years old, and is a rising senior at a high school in a small Georgia town. The main form of technology that he has been exposed to is a graphing calculator. 
x(t) = sin(t) y(t) = cos(t) z(t) = t
FUTURE WORK
Mark's experiences are a good sign. Mark and many other students particularly found the aesthetics of the environment motivating. If it is possible for one student to become so deeply engaged, it is certainly possible for others like him. As we refine our system design, we should be able to broaden its appeal over time. However, our results can also be viewed as quite discouraging. We must also ask, why didn't more of the students become excited about AquaMOOSE? In this study, we created near ideal conditions. Our subjects are a group of students with both unusual ability and unusual interest in the subject matter. Providing a viable alternative in the competition for teens' attention is a central goal of the project, and one which we will continue to strive towards.
One usability issue that appears particularly challenging to solve concerns the size of the graphical environment. In most imple- harder fundamental task than network TV: it must not only entertain, but also enlighten.
In our design of AquaMOOSE, we face this same challenge.
We have made initial inroads into designing an activity that will be both fun and educational, but our model will need to continue to evolve over time. We are encouraged by the enthusiasm of Mark and the handful of other students who became fascinated with our "public interactive 3D" prototype. Even 
